This paper discusses a finite element forniulation rvitli an absorbing boundary condition to simulate acoustic scattering plrenoinena iii a general situation, that is, including deiisity as well as sound velocity variations of single and multi-scatterers of arbitrary two diineiisional cross sectioiis. In this model. a Galerltiii finite element formulation is incorporated w i t h an ahsorbing houndary operator which explicitly accounts for the open field problem by mapping the Sominerfeld radiation condition from the far field to the near field. By applying the absorbing boundary operator on the artificial boundary of the finite domain, the truncation errors as well as the artil'actual reflected power is minimized without compromising the sparsity of the finite element matrix. We conipare the numerical results with analytical solutions of cylindrical scatterers of different sizes and at different frequencies. Also, we demonstrate tlie flexibility of Lhe niodel by siniulabing inlioinogeneous scatterers and multi-scattering configurations.
Introduction
Tlie analysis of acoustic wave radiation and scattering for medical diagnostics requires a Ilexible analysis tool capable of representing single and multiple scatterers of complex shape whose properties are characterized both by velocity and density variations as well as frequency dependent attenuation mechanisms.
As a result, over the past decades many computer-based, numerical formulations have been developed in an effort t o extend the inflexible analytical scattering solutions developed mainly for canonical problems to more complex and therefore more realistic modeliiig configurations both in t,he time and frequency domains.
Among the marly integral and differential formulations tlie boundary element method (BEII) has enjoyed tlie most attention, primarily due t o its computational eficiency. Unfortunately BEM approaches require piecewise homogeneous media, which may limit their applicability in practical problems. O n tlie other hand, differential formulations based on t h e finite element method (FEM) have proven t o be more versatile in terms of accounting for inhomogeneous media as well as modeling anisotropic and absorption phenomena. IIowever, they suffer from the inability t o deal with open field scattering problems. As a result, several a-pproaches have been proposed which couple FEbI with analytical far field expansions or directly attenipt to combine FEhl with UEM. Tlie intention of these forinulations is to apply the more flexible FEM t o represent tlie scattering object up to an artificial, well-behaved boundary sufficiently removed h n the interaction process such t h a t DEM or some form of an analytical far field expansion can be interfaced to it.
1051-0117/92/0000-0981 $1.00 0 1992 IEEE As an alternative, this paper discusses a FEM model bascd on a Galerkin weighted residual approach. In particular, an absorbing boundary condition (ADC) operator is employed which explicitly accounts for the open field problem by mapping the Somnlerfeld radiation condition from tlie far field to the near field domain. T h e model solves the acoustic IIelnholtz equation in its general form, i.e. including density as well as sound velocity variations of single and inultiple penetrable cylindrical scatterers of arbitrary cross sections. It is sliown that the ADC operator method for lower-order operators is easy to incorporate into our FEM formulation, and yields accurate results without compromising t h e sparsity of the finite element matrix wliicli is important for the computational eficiency of the proposed metlrod.
The Problem Statement
T h e stai ting point of the acoustic interaction process for linear fluid media in t h e frequency domain is the IIelmlioltz equation in tlie form [4]:
where P(77 is the acoustic pressure, ko 3 represents the wave nuniber in the background medium and n(Fj is defined by n(F) 3 Here p(F) and F(?) 3 % are dimensionless mass density and acoustic wave speed normalized to tlie reference media characterized by po and CO. T h e total field can be represented by the superposition of tlie incident field P;(,3 and the scattered field P,(q:
T h e boundary conditions associated with (1) are: potential continuity on the surfaces of tlie scatterers: flux continuity on the surfaces of tlie scatterers:
the Sommerfeld radiatioii condition where q = 1 , 2 , . . ., M , and M is the total number of scatterers; 1; and l: denote the inside and the outside contour of the qfh scatterer, respectively. as shown in Figure (1 denotes a matrix with eli.ment a t row k and column j and { ( j ) } denotes a vector with element (j). Because of the boundary conditions on 11 as seen in (3) aiid ( 4 ) , tlie contour integration over I 1 vanishes.
In general, for a multi-scattering problem, the finite element formulation can be represented as:
In order t o ensure a unique solution, the contour integration of P, over lo is decided in terms of Sommerfeld radiation condition (5).
Absorbing Boundary Condition
We intend t o solve (7) by the finite element method subject to the Sommerfeld radiation condition at infinity. Since the numerical method is inherently limited t o a finite region, some approach must be found to closely approximate the open field nature of t h e problem. To address this, a n artificial outer boundary ( l o ) is adopted and a n absorbing boundary condition (ABC) is applied to this contour such that the scattered wave appears only outgoing through the boundary and artificial reflections due to the domain truncation are minimized.
A number of approaches t o this problem have been proposed. For example, surface integration methods describe the outside region by equivalent surface source models [G] , where each element on the surface is coupled to all other elements. As a result, tlie sub-matrix generated from surface integration methods is fully populated. .4nother alternative is the method which uses typical analytical solutions of the far field t o approximate the field in the external region [3] . Theoretically, surface integration methods are more accurate. However, the bandwidth of the sparse finite element matrix will increase with the number of nodes on t h e surface.
Instead of finding the far field solution as described by the above two methods, the ABC boundary operator methods introduce boundary operators mapping the Sommerfeld radiation condition from tlie far-far field to the near-far field [l] . The absorbing boundary condition approximated by tlie ABC boundary operators can be represented by a linear partial differential equation on the boundary. When implemented with FEM, a n element on the boundary is only coupled with its neighbors. T h e ABC operator method, for reasonable lower-order operators, is relatively easy t o program without compromising the computational efficiency of the FEM. For this reason, they can be effectively employed in parallel computation.
T h e starting point is the Green function solution of the two dimensional Helmholtz equation in free space:
In particular, for outgoing waves the Green function is simply a first kind Hankel function of order zero:
As r = I T' -T~I i cc, tlie limit form of this function can be written as:
Based on the expansion theory, an asymptotic far-field solution of (11) can be represented by:
Taking the derivative of P, in ( l a ) , we have: At finite T , we insist that the solution lies in the null space of the operator B,. In other words, the BGT method uses higher order linear operators to obtain higher order accuracy in the approximation of the radiation condition.
For example, the first order operator B1 is defined by:
Similarly, it can be shown that the second order operator B2 has order 0 (5) accuracy in approximating the radiation condition [ 2 ] , that is:
Bayliss [l] has shown that in general, the mth order ABC operator E , can be derived by:
with accuracv:
However, the higher order ( m > 2 ) boundary operators are not recommended for numerical implementation since they tend t o spoil the sparsity of the finite element matrix [2] .
For our problem, the second order ABC boundary operator method is applied. The radiation condition ( 5 ) is mapped to the artificial absorbing boundary Io and approximated by the second order BGT operator:
In order to implement this condition in the Galerliin finite element model, we represent the wave equation in the domain Do in cylindrical coordinates:
Since both the Helmholtz equation and the operator equation must be satisfied on the boundary, we substitute (17) into (16) to obtain:
Because lo is chosen as a circle, the ABC boundary condition on 10 can be represented by:
Incorporation of ABC into t h e Finite Eleiiient Model
Substituting the result of (19) into the weighted residual statement of (lo), we can now write the finite element model in matrix form:
where matrices S and T are the stiffness matrix and mass matrix of the scattered wave in region Q, respectively. They are defined by:
Matrices S, and T, are the stiffness matrix a n d inass matrix of the incident wave in the scatterer. They ale defined by:
Finally, matrices A and B represent the Sommerfeld radiation condition mapped to boundary lo and approximated by ABC operator Bz, where:
For the chosen artificial boundary lo and basis function N k , the matrices A and B need t o be calculated only once. T h e local matrix elements are calculated analytically inside R and computed by Gaussian integration on lo.
Error Analysis of the Absorbing Boundary Operators
Evaluating the performance of the ABC approximation is import a n t for subsequent practical applications. Bayliss [l] derived a n estimation for the error caused by the second order B G T on t h e surface of a homogeneous spherical scatterer. Mittra [2] later compared the coefficients of the harmonic expansion of t h e exact solution of a cylindrical scatterer with those from the second order boundary operator approximation, and found qualitatively t h a t there was a poor match between higher order components.
T h e consequences of this error are in-coming harmonics that affect the accuracy of the solution.
Here we wish t o establish an error model which can be used t o estimate the error in the finite element model introduced by t h e B G T boundary operator approximation t o the radiation boundary condition at infinity. We assume that the mesh of the finite element inodel is fine enough such t h a t if the boundary condition on lo is specified exactly. the solution of the finite element model (equatioii 10) is accurate.
The Error Due to the Localized Approximation
By Huygeiis' principle. the field in the domain between the artificial boundary lo and infinity is exactly described by the field on the surface 10. T h e surface integration of t h e scattered field including the Sommerfeld boundary condition can be represented by:
T h e solution of the field with this boundary condition, denoted by P,*, satisfies t h e radiation boundary condition accurately. T h e corresponding finite element model can therefore be expressed by:
Rewriting t h e above formulation with B G T boundary approximation yields: where { E } 3 { P,*) -{Ps} is the error of the scattered field and AC E C* -C is the model error due to the approximatioii of the boundary condition on lo. Equation (25) presents a statement of t h e error distribution due t o the localized boundary condition approximation. T h e following properties can be observed:
AC {P,"} behaves as an error source of the scattered field solution.
AC operates only on the artificial boundary lo. Therefore only those {P:} located on lo can generate these errors (this is sensible since we are interested errors introduced by t h e approximate boundary condition).
T h e stronger t h e scattered field, the larger the error due t o t h e localized approximation.
The Error Related to the Domain Truncation
By linearity of the governing equation, the error E obeys t h e Helmholtz equation in t h e domain where the finite element method is applied: 1
and satisfies the same boundary conditions on the surface of the scatterers given by (3),(4) and the boundary condition 011 lo.
Since the approximated solution P, is in the null space of the BGT operator, we have:
Employing the far field assumption, this can be written as:
where G* is the Green function of the Helmholtz equation in the reference medium. Expanding P, and 2 in terms of their interpolation functions, we can solve for the normal derivative of
P :
are surface integration matrices on the artificial boundary lo and I denotes the identity matrix. This in turn can be substituted into the FEM model (10) which provides a useful way of evaluating t h e surface integration on Io:
where
and C* TrG-IH. It is clear that C* maps the radiation boundary condition from infinity t o the artificial boundary lo.
where r is the minimum distance from the scatterer to t h e artificial boundary and a ( # ) is a constant independent of r. Applying the same discretization process to E. we have:
Comparing ( 2 5 ) with (27), we obtain:
. -and the limit to the error norm is: Figures (5 -G ) demonstrate the flexibility of this numerical method to conveniently handle inhomogeneous scatterers and multi-scattering configurations. Figures ( 5 ) are the equi-contour plots of an inhomogeneous cylindrical scatterer. Figures ( 6 ) are the equi-contour plots of a multi.scattering configuration for tile Same angle of illumination but different material parameters and geometric arrangement.
This shows that the norm of the error introduced by the second order BGT operator diminishes with order O( 4). Furthermore, we can that the norm Of the error also depends on the algebraic structure of the finite element model and the intensity of the scattered field. . Fig. 5(a-b) 1.5 11.46 0.948 0.9 1.8'24 Fig. 5(c-d) 1.1 7.64 0.948 0.9 1.116 Fig. 5(e-f) 0.045 3.439 0.833 1.0 0.547 Fig. 5(g-h) 0.01 1.528 0.833 1.0 0.243 For the simulations, the incident field has unity magnitudc. The relevant parameters for the different simulations reported i n this paper are summarized i n Table (1).
The influence of various radii of the esterrial boundary on the accuracy of the numerical solution is shown i n Figures (3a. -3b. ). .4s expected, for a large radius the agreement with tlie analytical result is excellent both in p l m e and magnitude. It is interesting to note that a deterioration in the field predictions for smaller radii are most notable in the phase. Figures (3a. Ih.) illustrate the sensitivity of the numerical method at different frequencies when the artificial boundary is fixed. As the radius of the external boundary is reduced or the frequency of the incident wave is decreased, the influence of the artificial reflection error on the simulated field is incrcased, espccially on the phase of the scattered pressure.
Conclusion
A finite element formulation w i t h absorbing boundary condition to simulate acoustic scattering phenomcna in a general situation is discussed. By application of an absorbing boundary operator. the external boundary call be drawn very closely to thc surface of the scatterer. As a result. this approach permits the analysis of open field scattering processes wliich normally require tlie BEM method. The performance analysis and numerical simulations demonstrate the efficiency and flexibility of tlie this model in simulating acoustic scattering phenomena wllicI1 can iiicliide density as well as sound velocity variations of single and inultiscatterers of arbitrary two-diinensional cross sections. 
